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Abstract 
We investigate the Hamiltonian formulation of f(T) gravity and find that there are five degrees 
of freedom. The six first class constraints corresponding to the local Lorentz transformation in 
Teleparallel gravity become second class constraints in f(T) gravity, which leads to the appearance 
of three extra degrees of freedom and the violation of the local Lorentz invariance in f(T) gravity. 
In general, there are D — 1 extra degrees of freedom for f(T) gravity in D dimensions, and this 
implies that the extra degrees of freedom correspond to one massive vector field or one massless 


vector field with one scalar field. 
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I. INTRODUCTION 


f(T) gravity as an alternative to dark energy has recently received_much attention in 
cosmology Iba It is a generalization of the teleparallel gravity (TG) [24 by replacing 
the so-called torsion scalar T with f(T). TG was originally developed by Einstein in an 
attempt of unifying gravity and electromagnetism. The basic variables in TG are tetrad 
fields eau, where the Weitzenbock connection rather than the Levi-Civita connection was 
used to define the covariant derivative. As a result, there is no curvature but only torsion. 
A vector V“ in TG is parallel transported along a curve if its projection V, = eap V” remains 
constant, this is the so-called teleparallelism. It is interesting that a covariant energy- 
momentum tensor of gravitation can naturally be defined in the gauge context of TG mt 

f(T) gravity is different from f() gravity in several aspects. Firstly, as a main advantage 
compared with f(R) gravity, the equations of motion of f(T) gravity are second-order instead 
of fourth-order. Secondly, the local Lorentz invariance is violated in f(T) gravity 18). 
Therefore, extra degrees of freedom will appear. Till now, it is not clear how many extra 
degrees of freedom there are in f(T) n One might make a guess from the viewpoint 
of symmetry. There are 16 tetrad fields ea, in f(T) gravity among which four eao are non- 
dynamical, so 12 degrees of freedom remain. Like TG, f(T) gravity is invariant under 
the general coordinate transformation which again removes four more degrees of freedom. 
Because the local Lorentz invariance is violated in f(T) gravity, unlike TG, there is no further 
local gauge symmetries which can be used to eliminate degrees of freedom. Therefore, one 
might guess that there are totally eight (or six extra) degrees of freedom in f(T) gravity. 
However, it is not the case. The key point lies in the fact that there are second class 
constraints in f(T) gravity, thus the above guess fails and the degrees of freedom should be 
fewer than eight. To find out the number of degrees of freedom in f(T) gravity, we need 
to analyze the constraint structure strictly. To the best of our knowledge, the Hamiltonian 
formulation is our first choice to derive the number of degrees of freedom|31]|. In this paper, 
we analyze the constraint structure of f(T) gravity and find that there are totally five degrees 
of freedom. A simple interpretation of this result is that the six first class constraints 
corresponding to the local Lorentz transformation in TG turn into second class in f(T) 
gravity, thus three extra degrees of freedom emerge in f(T) gravity. 


The paper is arranged as follows. In Sec. 2, we give a brief review of f(T) gravity. In 


Sec. 3, we establish the Hamiltonian formulation of f(T) gravity. In Sec. 4 and Sec. 5, we 
analyze the degrees of freedom of f(T) gravity in 4D and 3D, respectively. At the end of 
Sec. 5, we briefly discuss the the degrees of freedom of f(T) gravity in D dimensions. We 


conclude in Sec. 6. 


II. BRIEF REVIEW OF f(T) GRAVITY 


Let us start with some definitions. ĉea, are tetrad fields and g, is the spacetime metric. 
They are related with each other by Nab = Capen g"” = (—1,1,1,1) and guv = Gop Chu; 


66) 


where a and p are the internal space and spacetime indices, respectively. “a” runs from 0 
Fer) 


to 3, and u = 0,1, “i runs from 1 to 3. Taw = Ov€a — Ovea, are torsion fields and T is 


defined as 
1 1 
T= FT yabe = a ue hac _ T°*) xi a _ Wor) (1) 
The Lagrangian density of f(T) gravity is 


L= —ef(T), (2) 


where we have set the Newton constant G = = e = |€a,| = /—g. In TG, T is written as 


Tann N T a (3) 


where R and V” are the Ricci scalar and covariant derivative in Einstein gravity, respectively. 
Since V“T” „ is not a local Lorentz scalar, f(T) gravity has no local Lorentz invariance and 
thus it has more degrees of freedom than that of TG which is equivalent to Einstein gravity. 
One can also argue that there are extra degrees of freedom for f(T) gravity by analyzing 


the equation of motion ; 


R 1 
Hus = FO) By = 59) + ZIET) = PET) + 28'E) E VT = 50m (8) 


where O,» is the stress-energy tensor of matter. For simplicity, the action of matter field is 
supposed to have the local Lorentz invariance, and therefore O,,, is symmetrical his. There 


are six extra equations 


Hyw = 2f" (T)E r V’T = 0 (5) 


in f(T) gravity, thus it is expected that there are more physical degrees of freedom. Natu- 
rally, one may guess that there are six extra degrees of freedom, however, it is not the case. 
In fact, as we will show in Sec. IV, there are only three extra degrees of freedom, which 
implies that not all of the equations (eq. (©) contribute to the dynamics of the tetrad fields. 

To find out the number of the physical degrees of freedom, we shall analyze the structure 
of constraints of f(T) gravity in the next section. For simplicity, let us rewrite the f(T) 


Lagrangian density (eq. (2)) in an equivalent form 


L=—elf(y) + (T — p), (6) 


where y and ¢ are two auxiliary fields. The variation of the action with respect to y leads 


to the field equation 


afle) 
p = e (7) 


Using the above equation, we can solve y in terms of @ for every given function f. Substi- 


tuting the solution y(¢) into eq. (6), we can get an equivalent Lagrangian density 
L= —el¢T + V(9)], (8) 


which contains only one auxiliary field ¢. We do not need to know the exact form of V(@) 
since it is irrelevant to our analysis of constraint structure. We shall focus on the Lagrangian 
density eq. in the following sections. 

To end this section, let us briefly discuss the conformal rescaling of the action of f(T) 


gravity. It is well known that the action of f(R) gravity 


$= { A (9) 


is equivalent to the Einstein gravity with a scalar field 


S= | d'ay -3R- 3040,8- VÈ) (10) 


if we perform conformal transformation ĝas = f'ga and @ = V3ln f', V(¢) = H. Simi- 


larly, performing the conformal transformation čau = /¢ea, and d= V3in¢, V(¢) = —- i 


we can rewrite the action eq. in the following form 


s= f ataya + 3080, - VB) - Gi ad (11) 
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where we have used formulas e = /—g and T = —R—2V"T” |. Note that the kinetic energy 
term of scalar ¢ in the above action has a wrong sign which seems to lead to instabilities. 
The last term in the above action is not a local Lorentz scalar which is a reflection of the 
violation of the local Lorentz invariance in f(T) gravity. 

The above action may realize a kind of Higgs mechanism, so that a vector in €a, becomes 
a massive dynamic vector. Thus, it is possible that the general f(T) gravity contains a 


massless spin two graviton and a massive vector. 


Ill. HAMILTONIAN FORMULATION OF f(T) GRAVITY 


Following the procedure developed in refs. bd, we analyze the Hamiltonian formula- 
tion of f(T) gravity in this section. From the Lagrangian density eq. (8), we can derive the 


momenta conjugate to e,, and ¢, respectively, 


au __ OL se a0, 
Il = O(Oean) = Aged a (12) 
m= T a 0 (13) 
= alp) ` 


There are eleven primary constraints in the above equations 


pe = ge — p + 2de eT. _ (ee = aren al x~ 0, (14) 
I” x 0, (15) 
m ao. (16) 


The derivation of constraints eq. (14) is very complicated, please refer to ref. for details. 
Constraints eqs. and are obvious. Since the Lagrangian density eq. contains no 
time derivatives of eao and @, their conjugate momenta eqs. and vanish. We can 
derive the primary Hamiltonian density by a similar method to that given in ref. |28]. Here 
we only need to replace k appearing in ref. by ¢ and add a term of potential energy, we 


give the result below: 


Ho 


IIe, +7¢—L 


1 T 1 
— ak i kl 2 
= — eaol" — ga” (suger? = ~ ) 
1 im njma l nji m ikrmmj n 
+e zs 9 L” mmda t 5I T’ maT” ij — 9 T? aT” nk | +eV(¢), (17) 
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where P*#* = mu —A*, P= P“ gij, and 
AF = —g™ (gT my + gT" ing — 2g" TS mg) — (G° g” + g g™)TI mj. (18) 
The total Hamiltonian density is given by 
H = Ho + Aal” + Ar, (19) 


where Aab and A are Lagrange multipliers. We have ignored the Lagrange multipliers corre- 
sponding to TI®® because I® are first class constraints in view of the non-dynamical character 
of tetrad fields eap ( We have checked that adding Lagrange multipliers corresponding to 
TI® do not affect the conclusions of this paper ). 


The basic Poisson brackets of the canonical variables are 


{eau(x), I” (y)} = að, 0 (£ — Y), 
{4(2), m(y)} = O(a — y), (20) 


with which we can calculate the Poisson brackets of two arbitrary fields. 
Now let us begin to search for secondary constraints. From {II*°, H} ~ 0, we can derive 


four secondary constraints 
a a a a 1 ij 1 
C = —0O,I1 k + ee OV (o) +e o - ee (suguPP a 5r?) 
1 im nji pb IÈ 1 nipi Tm ikm n 
+e qo 9 mntoig + 59 Ril a GL nk 
1 aij pkl l aij ai Om ,njrmb 

-ggo Gik Jj Pnz gI P | — ee” | g ”g”T ed ae 

+g"T° vine ij + gT” mg ni Lohr ™ Pr ni 29)*T° ga? ns) (21) 
where q% is defined by 


yt = epee ive ap et ee" T ge) = eak unr eee gor ek I9g4T™ mk) 


ee (gS Ti cof ae g'T3 ey 2% giT™ Mats (gg 4 gg” 2g go") T° A l 


(22) 

It is interesting that C® can be written in the following form 
C= e” Ho + eM H;, (23) 
H; = —ey,0,11* — OTi. (24) 


For TG, there are no further secondary constraints, and all the constraints [@, Ho, H; 
and II?° are first class 28). T% are the generators of six local Lorentz transformations, 
and Ho, H; are that of four general coordinates transformations. TI can be used to fix the 
tetrad fields egg, which is consistent with the fact that egg are not dynamical fields. Thus, 


the physical degrees of freedom of TG are 


2ml — 2, where “n = 16” is the number of 


fields, “m = 14” is the number of first class constraints, and “l = 0” is the number of second 
class constraints. 

We note that the situation is very different for f(T) gravity. Poisson brackets between 
T%, Ho, and 7 no longer vanish because ¢ is now a function rather than a constant, which 
is different from the case of TG. We shall make a careful analysis for f(T) gravity in the 


next section. 


IV. DEGREES OF FREEDOM OF f(T) GRAVITY IN 4D 


We calculate the Poisson brackets among I”, II*, Ho, H;, and 7, and give one very 
complicated secondary constraint for f(T) gravity in 4D. We analyze the structure of 
constraints and find that there are five degrees of freedom in all. 

Since TI® and H; are independent of ¢ and 7, similar to ref. Los), Poisson brackets between 
II*°, together with H;, and the other constraints still vanish. The other non-vanishing 


Poisson brackets are listed below: 
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{T® (2), T4(y)} [=G — (et C sf “oa 4 7G (x _ y), (25) 


Woa a Tg (ere a =), (26) 
a e 1 am „bj „Oi m aj „Oi 
{Ho(2), r "(yj S s = Ia) P (e eig? = ee J? 


— (e eh — eh 6) gid + (e° eb _ ete) gi) 


+2e eer, See oor) 3mp (x — y), (27) 
ey: ll a 1 1 kimi; _ ,OV(¢) 
{m(x), Holy) } ~ ae (sng? = ~ — ggg PI — zg) P Il’? — e 36 
1 im njma 1 nji m ikpj n 3 
=z I T mnlaij = 59 Tand y Oo TI a1" np) | Ele- y), 
(28) 


where G4 = 2e(e?™e — e™ et) 3p o in eq. , and ‘=’ denotes the Dirac’s weak equality. 
Eqs. (25)-(27) imply that the local Lorentz invariance is violated. 
Now let us begin to search for other secondary constraints. The consistency of constraints 


Ho, T% and 7 requires 


{Ho, H} = {Ho, Ho} + {Ho,T“}Aca + {Ho, THA ~ 0, 
{Te H} = 40" Ho} + — {T ahr ~ 0, 
{n, H} = {n,Ho} + {a0} ca & (29) 


We want to mention that the second equation above is equivalent to the field equation 
eq. (6), and the third equation is equivalent to av ) 4T =0. There are eight equations 
but only seven unknown quantities Acq and A, ni it is expected that we can derive one 
secondary constraint from the above equations. It is indeed the case. For simplicity, we use 
I’ = ele r% and T” = eje JT® instead of r% in the following calculations, and note that 


{Ti TÍ} = 0, { Ho, T$} ~ 19, In(¢). Define 


yi = {Ho, r’), Y4 = { Hp, ry, Ys = {Ho, Poy Yo = { Hp, r}, (30) 


to = {Ho, T}, Tti = {T T}, T4 = {i T}, T5 = {er at, Te = {r,r}, 
(31) 


Ai = {Ti rT”) 

rs 2e [g”(g" g — gP g) + g” (gg? — g?™g™) — g°(g™g™ — g™g”)] 3mo, 
As = fie} 

re 2e |g” (gg — g®g™) + g” (gg — gg”) — gP (gg — g'™g™)| Omd, 
Ais = cr, r”) 

x 2e [g (g?g a cog) fe ogg — gg”) — gP (gg? _ g™g son] Om, 


(32) 


Bis = {TP a 


x Qe |g" tag — pg l= g! Cs lee g” = hae ae) as ied eile — og 02)] Om, 


Bis = {T rT} 


zeg Ug =g es He GG e =o a a Kes lone: 


Bog = i. P 
Je anng” _ gg) _ ggg” _ eg) + g? (gg? _ on" al Om, 


(33) 
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we can rewrite Eq. in a compact form 
MA =0, (34) 


where A = (1, Aq, Az, Az, Aa, As As, A)T, Aj = Covent, Ag = eaer, Às = earen, Ag = 


€q2ep3l” and matrix M is given by 


O yu Ye Ys YW Ys Ye Zo 
—y 0 0 0 Ay Aj. Ág 21 
—y 0 0 0 An, Ag, Áz T2 
ua| 8 0 0 O Agi Ász Azz 23 . (35) 
—y4 ~An Azn —Az2 0 By Big £4 
—Yys —Ai2 ~Á —Az2 —Bı2 0 Bog a5 
=y —Aiz —Ao3 —As3 —Bı3 -Bəz 0 z6 


—To —-X —T2 —T3 —T4 —T5; —ME 0 


Because Eq. (84) has a nonzero solution A = (1, A1, Àz, A3, Aa, As, Ag, A)T, the determinant 
of matrix M should vanish. Thus, we get one constraint | M | 0. It is too complicated to 
use | M | as a secondary constraint, therefore we try to simplify it. Note that M is an 8 x 8 
antisymmetric matrix whose determinant can be written as D? where D is a function of the 


elements of M. Applying eqs. and (33), we find that 29 does not contribute to | M |. 


Now, we can express the secondary constraint as 


mı = y| M | [e0 


= J (aati — A32 B13 + A31 B23)£2 — (Ao3Bi2 — A22 B13 + Aoi B23) x3 
+(Ao3A32 — A23 A33)£4 — (A23 A31 — A21 Á33)£5 + (Ag2A31 — Ans Aa) 
+Yy2 (Arad — A32B13 + Az; Bo3)x1 + (A13B12 — A12B13 + A11 Bos) x3 
—(Aj3A32 — Ai2A33)24 + (A13A31 — A11433)£5 — (A12A31 — An Aw) 
+y3 (Ants — Apo By3 + Aoi B23)£1 — (A13 B12 — A12 B13 + A11 B2322) 
+(A13 A22 — A124ə3)£4 — (A13 A21 — A11A23)£5 + (A12A21 — Arua 
+y4 -CAs — A22A33)z1 + (A13 A32 — A12433)£2 — (A13 A22 — AnzAn)zs| 
Ys (anda — Ao, A33)4%1 — (A1331 — Ai A33)%2 + (Ai3Ae1 — An An) 


TY6 -Cna — An A32)@1 + (A12A31 — A11 A32)%2 — (A124211 — AnAn)zs| , 
(36) 
which is a very complicated formula. In general, the constraint mı takes the form 


CD 6, POn Ab = 0, where C™™) is independent of the space derivatives of IT, ¢, Taiz- If 


the metric gą» has only diagonal elements, 7, can be highly simplified as 
(TI) gg, = 11° g” g7” GIT", 0) Eijk OmPOn bP == fj. (37) 


Since M is an 8 x 8 antisymmetric matrix with zero determinant, the rank of M is 6. 
Thus, after imposing 7, = 0, there are only six independent equations in eq. (84) for seven 


Lagrange multipliers. The consistency condition of constraint m 
{m, H} = {m, Ho} + {m, Aca t+ {m1 THA & 0 (38) 


leads to another equation for the Lagrange multipliers. We shall prove in the appendix that 
eq. together with eq. provides seven independent equations for the seven Lagrange 
multipliers Aa and à. As a result, all the Lagrange multipliers can be determined and there 


are no further secondary constraints. 
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We turn to analyze the structure of constraints. In order to find out the number of degrees 
of freedom in f(T) gravity, we do not need to calculate the Poisson brackets between 7 
and the other constraints I, 7, II®, Ho, H; because the calculation is highly complicated 
due to eq. (86). With the results at hand, we are ready to give the number of degrees of 
freedom. Let us recall that the Poisson brackets between (II°, H;, H) and ([, 7) are zero. 
Consequently, the Poisson brackets among all the constraints (m1, m, ', I, H;, H) take the 


following form 
0 {mua} {m,T%} | {m1} {m, Hi} 0 

1%; Tı} 0 {T, r%} 

Te mı} Te T} Ipee T} 


0 
0 
0 
0 
0 


© © oS | oO 


This is a 16 x 16 antisymmetric matrix. The top left corner of it must be an 8 x 8 nonsingular 
matrix, otherwise, we would not solve all of the Lagrange multipliers. The lower right corner 
is an 8 x 8 zero matrix. The lower left quarter, denoted by Nj, is an 8 x 8 matrix with the 
non-vanishing first line only. Obviously, the rank of Nj is at most 1, we can turn it into a 
matrix with only the non-vanishing element, denoted as Njy11), by applying the elementary 
transformations of matrices. In addition, we can make a similar treatment to the top right 
corner of N. Therefore, the non-zero part of N becomes a 9 x 9 antisymmetric matrix in 
the top left corner whose rank is eight, which will be shown below. Now it is clear that the 


rank of N is eight. 


0 {miT} {m rH} —Nia1) 0 0 


{1,7} 0 Cod Baal 0 |00 

{L m} {04,7} {TrA} o Joo 

Ny _ 0 0 0 Joo 
0 

0 0 0 0 0 0 


The above discussions show that there are eight second class constraints (I, 7, 71) to- 


gether with eight first class constraints, thus the degrees of freedom of f(T) gravity are 
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2n—2m—l = 


5 5, where “n = 17” is the number of fields, “m = 8” is the number of first class 


constraints and “l = 8” is the number of second class constraints. This conclusion is consis- 
tent with the physical analysis of f(T) gravity: The action of f(T) gravity is invariable under 
the general coordinate transformation, and eao are not dynamical fields. Similar to TG, four 
of the eight first class constraints correspond to the general coordinate transformation of 
f(T) gravity; the rest four first class constraints can be used again to fix the non-dynamical 
fields eao. Two of the second class constraints (m,m) can be used to eliminate the auxil- 
iary field ọ introduced in the action eq. (8), and the existence of the other six second class 


constraints ([@) implies that the local Lorentz invariance is violated completely. 


V. DEGREES OF FREEDOM OF f(T) GRAVITY IN 3D 


In this section, we establish the Hamiltonian formulation of f(T) gravity in 3D. It is 
slightly different from the case in 4D, as we shall show, since there is no constraint like 7, 
the structure of constraints is much simpler. We find that there are six first class constraints 
(H, H; TI®®), a=0,1,2, i = 1,2, together with four second class constraints ([,T?,T!?, 7) 
in all, thus the degrees of freedom are two. 

Following the procedure developed in Set.III, we can derive all the ten constraints 
(Ho, Hi, 1°, Tt, r?°, r,r), where “a” runs from 0 to 2 and i = 1,2. The Poisson brackets 
between those constraints are the same as those in 4D, see eqs. (25)-(28). Similarly, when 


we define 


Yi = { Ho, T"}, Y3 = {Age} (39) 
To = {Ho, 7}, Ti = {TfT}, T3 = (i T}, (40) 


> 
| 


_ {T, p“) 


x 2efg” (gg — gg) + gig” = gg”) = (im alae a = oP ane, (41) 
we can rewrite the self-consistent equations eq. in a compact form 


MzpA3p = 0, (42) 
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where Asp = (1, à, A2, A3, A)? and Mp is define by 


0 Yı Y2 Yz Xo 
—y 0 0 Ay t 

Msp =| -y 0 0 Ay r|- (43) 
—y3 —A; —Az 0 z3 


=o =Ti =T} —2VX 0 


Since eq. (42) has one non-zero solution A3p, the determinant of M3p should vanish, which 
is satisfied automatically because M3p is a 5 x 5 antisymmetric matrix. Thus, unlike the 
case in 4D, there is no further constraint for f(T) gravity in 3D. The rank of M3p is four, 
which means that there are four independent equations for the four Lagrange multipliers. 


We can derive all the Lagrange multipliers as follow: 


Agito + T3Y2 — L2y3 


M= A Aa = 
ne o 
a (47) 


Since we are interested in the most general case, we require A£ — Axı Æ 0 here. Now it 
is clear that Tt, T?, T}, 7 are second class constraints while H, H;,II* (Note that it is H, 
not Ho) are first class constraints. Therefore, the degrees of freedom is two for f(T) gravity 
in 3D. 

The discussions in this section and the above section can be extended to the case in 
dimensions higher than two. In general, there are pw) + D — 1 degrees of freedom for 


f(T) gravity in D dimensions. Since the calculations are very complicated, we only show 


some key points here. Firstly, one should note that the rank of the pe) x POW) matric 
eq. is 2(D — 2). Thus, from the second equation of eq. one can determine the 


2E — 2(D — 2) — 1 secondary constraints. Secondly, 


Lagrange multiplier A and derive 
note that those secondary constraints contains the constraint like 7; = y| M | eq. (86). One 
can check that in 4 dimensions the constraint derived from the second equation of eq. 
and square root of the determinant of M eq. are exactly the same. So, after imposing 


those secondary constraints and substituting A into eq. (29), there are 2(D — 2) + 1 instead 
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PID Lagrange multipliers Aa. Thirdly, the 


of 2(D — 2) + 2 independent equations for 
consistency condition of those secondary constraints lead to PP) — 2(D — 2) — 1 more 
equations for Lagrange multipliers Aab. Thus, all the all the Lagrange multipliers can be 
determined and there are no further secondary constraints. Finally, there are 2D first class 
constraints and D(D — 1) — 2(D — 2) second class constraints, so the degree of freedoms are 
oe) + D-—1 for f(T) gravity in D dimensions which implies that the D — 1 extra degrees 
are one massive vector field or one massless vector field with one scalar field. Incidentally, 
there are no independent degrees of freedom for f(T) gravity in 2D (Since T = 0 and 
Xp = 0 in 2D, it should be mentioned that Ferraro and Fiorini also observed [22] the lack 


of dynamics in 2D f(T) gravity.). 


VI. CONCLUSIONS 


We have established the Hamiltonian formulations of f(T) gravity. In 4D, we find that the 
six first class constraints corresponding to the local lorentz invariance in TG become second 
class constraints in f(T) gravity, which implies that there are three extra degrees of freedom 
and the local lorentz invariance is broken completely. In 3D, the constraint structure is 
much simpler and the independent degrees of freedom are two. In addition, there are D — 1 
extra degrees of freedom for f(T) gravity in D dimensions which implies that the extra 
degrees of freedom correspond to one massive vector field or one massless vector field with 
one scalar field. From the conformal rescaling of the action eq. (2.11), we observe that the 
vector degrees of freedom might emerge from some kind of Higgs mechanism. This problem 
needs further study in the future. We hope our results will give some guidance for the 
cosmological perturbations of f(T) gravity, where the gauge conditions and extra degrees 
of freedom should carefully be treated when compared with Einstein gravity. Besides, the 
extra degrees of freedom are expected to play the role of dark energy in f(T) gravity. More 
studies on the properties of the extra degrees of freedom are needed, such as whether the 
extra degrees of freedom correspond to vector fields, and whether the fields are stable, and 


so on, based on which one may obtain more insights into the behaviors of dark energy in 


f(T) gravity. 
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Appendix 


We shall prove that all the Lagrange multipliers can be determined from eq. (34) and 
eq. (88), thus there is no further secondary constraint. The exact result of eq. is highly 
complicated due to eq. (86), however, it is not necessary to derive eq. (88) exactly. Let us 
adopt a technique of calculation to overcome this difficulty. 

Recall the results obtained in Set.IV. From eq. (84), we can derive one secondary con- 
straint mı and obtain six independent equations for the seven Lagrange multipliers. Without 
the loss of generality, we can express all the other Lagrange multipliers in terms of Às. Sub- 


stituting the Lagrange multipliers into eq. (88), 
{mi H} = {m, Ho} + {m Tb Aca + (m1, THA 0, (48) 
we can get one equation for As in the general form 
C = (B + E'0;)As (49) 


Only under the very strict conditions B = F’ = 0 can we derive another secondary constraint 
C = 0, otherwise we can solve \; from the above equation. Note that only the terms {7,, 7} 
contribute to E'. In view of 7, = C("™d,,,60,,60;¢, where C0) is independent of the terms 
such as oj, iTajk and ko, and it is linear to the product of I” and Taij, we find that 
E’ must take the form of E””"™0n¢@0n¢0,¢, where E”"™ contains no derivatives of I*, Tajk 
and ¢. If E’ does not vanish automatically, we cannot make it vanish by imposing the 
constraints Ho, H;, 1%, and m1. Since Hp and H; contain the derivative of II**, they are 
independent of Et. Because I’ contains no terms related to 0,,¢ it is also independent of 
E’ (Note that though 0,,° contains the derivative of ¢, it also contains the derivatives of 
I and Tajk- Thus, we cannot use functions constructed from T% and its derivatives to 


eliminate E’). Only 7 can be used to eliminate F’, but there is only one mı which cannot 
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eliminate all E’. We shall show below that E’ is non-vanishing, therefore there is no further 
secondary constraint and we can derive all the Lagrange multipliers. 

Suppose that we have derived F! = E’"™0,,60,¢0,¢ and B strictly by applying the 
complicated expression of 7 eq. (86). Then, imposing the condition that g,» is diagonal, we 
can simplify Et , B and obtain A” , B’. If E" is non-vanishing, so is Æ’. In order to derive 
E", we do not need to use the exact form of mı. In fact, eq. is enough. Consequently, 
our technique is to apply eq. to derive E”. It should be stressed that if we want to 
derive the correct B’, we must preserve the first order of the non-diagonal parts of g,, for 
mı. However, for the derivation of E”, the zero order of non-diagonal parts of g,,, is enough. 
Note that the condition gą is diagonal is not a gauge, but our technique of calculation. We 
impose only this condition at the end of the calculations to simplify the results. 


Under the condition that gw is diagonal, we can derive 


= — ni 4 Mp 4 Act (- ni + Spi + aen) rts + taii + teia (50) 
An $ Ag ° An | As =e r42 + T3 a 
where h,’ is defined by 
{I¥(z),m(y)} = hj (e)n se- y), 
[T (x), m(y)} = ha (2)Ox,5(@ —y) +--+, 
{P\(2), m(y)} = hs (2)0,,5(@ —y) +--+, 
{P"\(x), m(y)} = he (2)02,6(% —y) +++, (51) 


6 7 


where the above stand for the terms without the derivative of the delta function. 
Substituting 7, eq. (87) into the above equations, we can derive all the h,’. After some 
tedious calculations, we find that F’ eq. does not vanish even imposing all of the 
constraints. As a result, we can solve all the Lagrange multipliers and there are no further 


secondary constraints. 
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